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Abstract 
   Theoretical-experimental method is proposed in this paper for determining the logarithmic decrement of vibrations based on the 
measurement of tip amplitude of the flat cantilever test samples during their damped vibrations at first resonance mode. 
Significant effect of external aerodynamic forces on logarithmic decrement is observed. Extensive theoretical and experimental 
studies were performed on the aerodynamic component of damping of oscillated flat strip plates. For the assessment of its 
contribution to overall damping of test samples during their free vibrations, large number of numerical experiments were carried 
out on two dimensional flow dynamics around the plate, in the light of which an approximated empirical formula is found. 
Present study is also covering the method to identify the elastic properties and amplitude dependencies of logarithmic decrement 
on deformation in accordance with the data of physical experiments performed with various series of test samples. 
 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
For the experimental determination of the damping properties of materials in the frequency range from 50 to 5000 
Hz the standard test method ASTM E-756 [1] is widely used up to now, in which, by acoustic excitation, the dynamic 
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behavior of cantilevered test samples of different structures is examined in frequency domain. If the concerned material 
is sufficiently rigid and isotropic, that is self-supporting, then uniform test beams from the damping material itself is 
used. However, the obtained results from this standard test method can not be regarded as applicable directly to the 
analysis of dynamical behaviour of any structure for the following two reasons: 1) the standard does not account the 
aerodynamical constituent of logarithmic decrement, which in most cases might be in the same order with internal 
damping properties of damping material itself. For the materials having low damping characteristics, aerodynamic 
damping can be regarded as critical constituent in determining the decay curve of flexural damped vibrations of test 
samples; 2) characteristics of damping materials by flexural vibrations of test samples are only comparative evaluation 
of damping properties, and can not be used in other conditions differing from test conditions. Hence, it is necessary to 
identify the valid material damping properties on the basis of internal damping characteristics of test-samples in their 
free flexural vibrations process.  
2. Theoretical base 
To determine the damping properties of the materials, cantilevered test samples of rectangular cross-section are 
used. Damping properties of test samples are defined with logarithmic decrement G , which depends on the 
amplitudes of A  measured at the tip point of specimen during its free oscillations. Relationshio ( )AG  can be 
obtained by post-processing the experimental decay curve of damped vibrations in air environment in accordance 
with the method proposed in [2], in which, it was shown that damping properties highly affected by external 
aerodynamic forces: increase ( )AG  with increasing width b of test sample. In order to exclude the effect of 
aerodynamic forces, a different approach can be used, in which a series of test samples with the same free length L, 
but different widths b are tested. This gives possibility to set a relationship of ( , )A bG  and further *( )AG  can be 
obtained by extrapolating that relationship down to the value 0b  , which is necessary to identify the damping 
properties of concerned material.  
It is possible to use theoretical-experimental method to find relationship *( )AG : 
 
*( ) ( ) аA AG G G   (1) 
 
where ( )AG logarithmic decrement of test-samples in air for finite width of beam b; aG - computational 
aerodynamic component of logarithmic decrement defined by empirical formula [3] 
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Here A – amplitudes of tip point deflections measured in free vibration of test sample at the first flexural resonance 
mode; h – thickness of test sample; ρ – density of material; f – frequency of flexural vibrations in Hz; 
51.5 10Q   m2/s  – kinematical viscosity of air with density 1.29fU   kg/m3.  
Damping properties of concerned material is determined by logarithmic decrement G , which depends on the 
amplitudes of the deformation 0H . For the representation of this dependency, n-th order polynomial   
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Identification of damping properties is performed by searching coefficients of polynomial (3) through the 
dependency of *( )AG  minimizing the objective function  
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Here *G , G  – vectors, containing respectively experimental and computational logarithmic decrement of test sample 
at the amplitudes of jA  ( 1; 2; ... ; )j m ; * G G , G  – euclidean norms of vectors * G G  and G . To find the 
minimum of objective function 0 1( , , ..., )nF c c c , it is convenient to use direct methods of zero order [4] (i.e. simplex 
method, Hooke‒Jeeves or pattern search method, Rosenbrock method). 
To obtain computational logarithmic decrements G , the finite element method is used. Computational model of 
test sample (Fig. 1, a) is composed of beam elements as shown in Fig. 1, b.  
 
 
 
 
Fig. 1. Computational model of test sample (а) and beam element (б) 
 
Damped free vibrations of test sample is defined by the system of equation 
 
     0   Mr Cr Kr  (4) 
 
with initial conditions ст(0)  r r , (0) 0 r , where M , C , K , r  – mass, damping, rigidity matrices and nodal 
displacement vector of the mentioned above model respectively; str  – nodal displacement vector at initial static 
deflection stw of specimen’s tip point. Matrices M , C and K are formed from corresponding matrices eM , eC , 
eK  of finite elements. Matrices eM  and eK have known form [5] and will not be given in present study. Matrices 
eC  depend on material nonlinearity models. In the case of axial stress state one of the simplest of such models 
corresponds to Voight-Thompson-Kelvin model [6]  
 
EV H D H  , (5) 
 
where , ,V H H  – respectively normal stress, relative strain and rate of its change by time t ; E , D – young modulus 
and viscosity coefficient of material. The last is related with logarithmic decrement  
 
234   V.N. Paimushin et al. /  Procedia Engineering  106 ( 2015 )  231 – 239 
0( )ED G H SZ , 
 
where Z  – lowest resonance frequency of free vibration of test samples. In terms of that, the model (5) takes form 
 
0( )E EV H G H H SZ  . 
Infinitesimally small increments for the work of the nonlinear stresses σ over the corresponding increments of 
strains dH  can be expressed in a volume of finite element as below 
 
0
0
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l
F
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At the point z in element’s cross-section, deformation H , can be determined by nodal displacements 
1 1 2 2e { }w wI I r  using the geometrical relationship 
 
T
ezH cc f r , (7) 
 
where f cc  – second derivative vector of basis functions ( 1;2;3;4)if i   with respect to x for the finite element. The 
values of 0H can be linked to the amplitudes of curvature of element axis )(0 xF  as following: 
 
0 0 ( )z xH F . (8) 
 
It is not difficult to show that relationship 0 ( )xF  is linear: 
 
0 0,1 0,2( ) (1 ) (1 )x x l x l a sx lF F F     . (9) 
 
Here, 0,1 0,2,F F  – curvature amplitudes in nodes 1 and 2 of finite element; 0,1a F ; 0,2 0,1 0,1( )s F F F  . Taking 
into account (8) and (9) relationship (3) takes form 
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After introducing (7) and (10) into the equation (6), the value dA can be expressed in the next form 
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From the equation (11) element damping matrix is formed as following  
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To solve the system (4), it is necessary to use incremental integrating methods making corrections in the matrices 
eC  of finite elements at each cycle of vibration with the adjustments of obtained in them values 0,1F , 0,2F on which 
the values of a  and s  in matrices kH will depend. Hence, integration step t'  must be small enough, i.e. 100-120 
step for each vibration cycle, to track these values. On the other hand, the number of iterations for the system (4) to 
find coefficients kc  of polynomial (3) with direct methods might be quite large (several hundreds or thousand). It 
brings a lot of time consuming in computation and cumulation of computational errors. Also, measurement of 
vibration amplitudes A  of test sample is not initiated from the starting deflection stw , but after transition from its 
static deflection curve to eigenvector 1f of lowest flexural resonance frequency. This allows replace the system (4) 
with equation relative to generalized coordinates 1( )q t  of given eigenvector: 
 
1 1 1( ) ( ) ( ) 0mq t cq t kq t     (12) 
 
with initial conditions 1 max(0) wq A f , 1(0) 0q  , where maxA  – maximum of amplitude A in the range of 
constructed relationship *( )AG ; wf  – elements of eigenvector 1f , corresponding to the deflection w  of specimen’s 
tip point; m , c , k  – respectively generalized mass, generalized damping coefficient and generalized rigidity of 
specimen: 
T T T
1 1 11 1 1; ;m c k   f Mf f Cf f Kf . 
 
Equation (12) can be written in the form 
 
2
1 1 1( ) 2 ( ) ( ) 0q t nq t q tZ   ,  (13) 
 
where 2n c m ; 2 k mZ  . Dynamic deflection of specimen’s free end is defined with the function 
1( ) ( ) ww t q t f . Thus, in place of (13) we get the equation 
 
2( ) 2 ( ) ( ) 0w t nw t w tZ     (14) 
 
with initial conditions max(0) , (0) 0w A w  . 
 
Loss parameter n implicitly depends on the coefficients kc of the polynomial (3) through the damping matrices 
eC  of finite elements and is to be recalculated at each vibration cycle i  in adjustment with the resulting amplitude iA  
of test-sample. However, in the interval  1[ ; ]i iA A , eC  matrices and parameter n are constant. This allows to write 
equation of envelops for  T periods of vibration of test sample: 
 
( ) exp( ) (0 )i iA A n TW W W  d d .  (15) 
 
Parameter in is related with logarithmic decrement iG  with relationship i in TG    Substituting into that 
2i in c m  and 2T S Z , we get 
 
i ic mG S Z .  (16) 
 
Expressions (15) and (16) allow to built tridiagonal matrix algorithm to obtain calculated amplitudes of vibration 
and corresponding to them logarithmic decrements without incremental integration procedure fort he equation (14), 
which significantly reduce computational effort to find coefficients kc  of the polynomial (3): 
 
1 1 1exp( ),i i i i iA A nT c mG S Z     .  (17) 
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The reliability of the algorithm (17) is confirmed by numerical experiments seeking computational relationship 
( )AG in correspondance with the known experimental relationship 0( )G H . To find minimum of objective 
function 0 1( , , ... )nF c c c , Hooke‒Jeeves algorithm [4] is recommended to use, since it is easily adapted for any 
dimensionality of search space. However, in this case a complication arises related with the choice of base point 
coordinate due to the significant differences in the values of coefficients kc  ( 0; 1; 2;...; )k n of the polynomial (3). 
To get over this difficulty, we propose an approach based on conversion of dependency  *( )AG  for the test sample 
into the 0
*( )G H , where 0H  – amplitude of maximum deformation at the fixed end in the amplitude A  of vibration. 
Dependency 0
*( )G H  is approximated polynomial of the same order with that used in the search of  kc  coefficients 
of polynomial (3): 
0 0
0
* *( )
n
k
k
k
cG H H
 
 ¦ .   (18) 
 
The last gives at amplitudes ( 1; 2;...; )jA j m , system of m linear algebraic equations constructed with the 
coefficients * ( 0; 1; 2;...; )kc k n of polynomial (18). Usually, the inequality ( 1m n!  ) is satisfied between the 
number of experimental points and the order of polynomial. For the solution of this system, the least square method 
is used. Obtained coefficients *kc  from this solution are regarded as coordinates of the base point. 
3. Numerical experiments 
Several tests were conducted with the series of specimens made from steel (St-37) with free lengths 
of 150mmL  , 200mmL  , 300mmL  ; widths b  from 10mm to 50mm with step of 10mm and constant 
thickness of 1mmh  . The decay curves of concerned specimens are processed and obtained amplitude dependency 
of logarithmic decrements in air environment (with standard room temperature) for the given set of b . 
The values of logarithmic decrement for the specimens with free lengths of 150mmL  , 200mmL  , 
300mmL   are presented in table 1 below for six different amplitudes A . Also given experimental dependencies 
for ( , )A bG  obtained by extrapolation of values to 0b  . 
Table 1 The values of logarithmic decrements δ* of specimens 
L=150 mm L=200 mm L=300 mm 
А, 
mm 
*G  А, 
mm 
*G  А, 
mm 
*G  
2 0,0286 2 0,0167 2 0,0074 
4 0,0473 6 0,0471 6 0,0245 
6 0,0603 10 0,0632 10 0,0389 
8 0,0710 14 0,0747 14 0,0496 
10 0,0795 18 0,0830 18 0,0573 
12 0,0855 22 0,0894 22 0,0629 
 
The Young-modulus E  of steel (St-37) was determined using the measured frequencies f  in accordance with 
the formula for the calculation of lowest free vibration resonance frequency of ideally elastic cantilever beam 
 
2
0
1 1.875
2
EIf
L mS
§ · ¨ ¸© ¹ .  (19) 
 
Here L , EI , m  – respectively free length, flexural rigidity and mass per unit length of the concerned beam. The 
reason for this is the weak dependence of frequency on the parameters of internal and external (aerodynamical) 
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damping, which is confirmed by the earlier experimental studies [2]. In table 2 presented measured frequencies of 
specimens with same free lengths and calculated Young-modulus E  using the formula (19). For identification of 
dependency 0( )G H the average moduli is taken as 1017.631 10 PaE   . 
Table 2 Measured frequencies of specimen with free lengths 150,200 and 300mm,  
and Young-modulus of material 
L, 
Mm 
f, 
Hz 
E·10-10, 
Pa 
150 33,1 16,731 
200 18,9 17,241 
300 8,8 18,922 
 
Relationship 0( )G H is defined with cubic polynomial 
 
2 3
0 0 1 0 2 0 3 0( ) c c c cG H H H H    .   (20) 
In table 3 presented coefficients 0c , 1c , 2c , 3c of the polynomial (20) obtained for specimens of concerned free 
lengths. For the computational modelling of each specimen, the number of element divisions is taken as 20.    
Table 3 Coefficients of polynomial (20), obtained for the specimens 
with free lengths 150 mm, 200 mm and 300 mm 
L 150 мм 200 мм 300 мм 
c0 5,467·10-3 -5,178·10-5 -2,266·10-5 
c1 3,021·102 4,092·102 4,028·102 
c2 -3,534·105 -6,396·105 -2,995·105 
c3 1,622·108 3,671·108 -7,121·108 
 
 
Fig. 2 Computational and experimental logarithmic decrements 
of specimens: 1 - L=150 mm; 2 - L=200 mm; 3 - L=300mm 
 - computational;  - experimental 
In Fig. 2, computational and experimental logarithmic decrements are presented for the concerned specimens 
with respect to the dimensionless amplitude of vibration A h . The values of computational logarithmic decrements 
G are found to be very close to the experimental values *G . In Fig. 3, relationship 0( )G H is illustrated for the steel 
St-37 in the case of zero width 0b  and the coefficients 0c , 1c , 2c , 3c shown in table 3. 
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Fig. 3 Relationship 0( )G H for steel St-37 with b=0: 
 - L=150 mm;  - L=200 mm;  - L=300 mm 
Below the results of the identification of relationship  0( )G H  are presented for the same material (St-37), obtained 
for the same specimen set of width 10mmb   with the exception of aerodynamic constituent of damping according 
to formulae (1) and (2). In table 4, logarithmic decrements *G of the specimens obtained in vacuum are listed in six 
different amplitudes A  as previous. In Fig. 4, relationship 0( )G H  is illustrated for this steel obtained from the same 
3 specimens of width 10b  mm.  
Table 4 Logarithmic decrement δ* of specimens with free lengths  
L=150 mm, L=200 mm, L=300 mm excepting air damping by formulae (1) and (2) 
L=150 mm L=200 mm L=300 mm 
А, 
mm 
*G  А, 
mm 
*G  А, 
mm 
*G  
2 0,0290 2 0,0163 2 0,0073 
4 0,0492 6 0,0401 6 0,0192 
6 0,0583 10 0,0535 10 0,0294 
8 0,0665 14 0,0627 14 0,0372 
10 0,0726 18 0,0691 18 0,0437 
12 0,0775 22 0,0737 22 0,0487 
 
To get final relationship 0( )G H , we use the averaged results of specimens with free lengths 150L  mm and 
200L  mm: 
 
3 2 5 2 8 3
0 0 0 0( ) 2.5194 10 3.4401 10 5.5233 10 3.2373 10G H H H H        . 
 
In Fig. 5, for the comparison, obtained averaged relationships 0( )G H are shown in two variants with the exception 
of aerodynamic component of damping for specimens: 1) by extrapolating of relationship between the logaritmic 
decrement and specimen width b   down to the zero value of width 0b  ; 2) by using the formulae (1) and (2) for 
the specimens of width 10b  mm. In the second variant, damping properties of material have been obtained 12,7 % 
lower than the results of first variant.  
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Fig. 4 Relationship 0( )G H  for St-37 with b=10 mm: 
 - L=150 mm;  - L=200 mm;  
 - L=300 mm 
 
 
 
Fig. 5 Averaged relationships 0( )G H : 
 - b=0;  - b=10 mm 
 
4. Conclusion 
In this study, we have shown the principal possibility of identification of the damping properties of rigid isotropic 
materials (for example, steel St-37) using the experimental amplitude dependence of logarithmic decrements of 
specimens tested in air by extracting from that external aerodynamic damping component. Two variants are 
proposed to exclude this component: 1) extrapolation of relationship between the logaritmic decrement and 
specimen width b  down to the zero value of width 0b  ; 2) application of computational aerodynamical constituent 
in a finite width b  of the specimen. 
Advantages of presented method over others analogous can be counted as the possibility for accounting 
aerodynamic damping component for flexural damped vibrations of test samples and the application of universal 
and easily implementable numerical methods to seek for the required amplitude dependency of logarithmic 
decrement of concerned materials. 
The presented procedure may find application fields in general engineering, in defense industry enterprises and in 
aerospace industry. 
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